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Abstract
We introduce two generalizations of the Jaynes-Cummings (JC) model for two modes
of oscillation. The first model is formed by two Jaynes-Cummings interactions, while
the second model is written as a simultaneous Jaynes-Cummings and Anti-Jaynes-
Cummings (AJC) interactions. We study some of its properties and obtain the energy
spectrum and eigenfunctions of these models by using the tilting transformation and the
Perelomov number coherent states of the two-dimensional harmonic oscillator. More-
over, as physical applications, we connect these new models with two important and
novelty problems: The relativistic non-degenerate parametric amplifier and the rela-
tivistic problem of two coupled oscillators.
1 Introduction
The Dirac oscillator was introduced as an instance of a relativistic wave equation such that its
non-relativistic limit leads to the well-known Schro¨dinger equation for the harmonic oscillator.
This relativistic oscillator was introduced for the first time by Ito et al. [1] and Cook [2], and
reintroduced later by Moshinsky and Szczepaniak [3]. They added the linear term−imcωβα·r
to the relativistic momentum p of the free-particle Dirac equation.
The Dirac-Moshinsky oscillator has been applied, among other problems, to quark confine-
ment models in quantum chromodynamics, hexagonal lattices, and the emulation of graphene
in electromagnetic billiards [4]. Moreover, the 1 + 1 Dirac-Moshinsky oscillator has been
mapped to the Anti-Jaynes-Cummings model by using the usual creation and annihilation op-
erators [5, 6, 7, 8]. The exact solution of this problem was obtained by using the theory of the
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non-relativistic harmonic oscillator. Similarly, the 2+1-dimensional Dirac-Moshinsky oscilla-
tor can be related to quantum optics via the Jaynes-Cummings and Anti-Jaynes-Cummings
models by using the chiral creation and annihilation operators [9, 10].
The Jaynes-Cummings model [11] plays an important role in quantum optics, since it
describes the atom-field interaction. This is a fully quantized model and yet analytically
solvable. It describes the interaction between a two-level atom and a quantized field. The
exact solution of this model has been found by using the rotating wave approximation in the
Hamiltonian of the two-level atom [12]. These solutions yield quantum collapse and revival of
atomic inversion [13], squeezing of the radiation field [14], among other quantum effects. All
these effects have been corroborated experimentally, as can be seen in references [15, 16, 17].
In recent years, there have been published some works on simulations of Dirac equation using
different physical systems [18, 19, 20]. These simulations allow to study relevant quantum
relativistic effects, like the Zitterbewegung and Klein’s paradox. In reference [21], an extensive
overview of current theoretical proposals and experiments for such quantum simulations with
trapped ions is given.
The aim of the present work is to introduce two generalizations of the Jaynes-Cummings
model with two modes of oscillation. We relate these new models with the relativistic non-
degenerate parametric amplifier and the relativistic problem of two coupled oscillators.
This work is organized as follows. In Section II, we review the main properties of 2 + 1
Dirac oscillator and its exact mapping onto the Jaynes-Cummings model. In Sections III
and IV, we introduce two generalizations of the Jaynes-Cummings model with two modes of
oscillation. We use the Jordan-Schwinger realizations of the su(1, 1) and su(2) Lie algebra
to obtain the energy spectrum and eigenfunctions of these new JC-type models. We connect
these models with the non-degenerate parametric amplifier and the problem of two coupled
oscillators in the non-relativistic limit. Finally, we give some concluding remarks.
2 The 2+1Dirac oscillator and Jaynes-Cummings model
The time-independent Dirac equation for the Dirac-Moshinsky oscillator is given by the
Hamiltonian
HDΨ =
[
cα · (p− imωrβ) +mc2β]Ψ = EΨ, (1)
where α and β are usual Dirac matrices, m is the rest mass of the particle and c is the speed
of light. In the non-relativistic limit, this system reduces to a quantum simple harmonic
oscillator (with mass m and angular frequency ω) with a strong spin-orbit coupling [3]. The
matrices α and β must obey a Clifford algebra given by the anticommutation relations
αjαk + αkαj = 2δjkI, αjβ + βαj = 0. (2)
In 2 + 1 dimensions, the solution to the Clifford algebra is given by the 2× 2 Pauli matrices
αx = σx, αy = σy and β = σz. In this case, the eigenfunction |Ψ〉 is described by a two-
component spinor, where these components satisfy the coupled equations(
E −mc2) |Ψ1〉 = c [(px + imωx)− i(py + imωy)] |Ψ2〉, (3)(
E +mc2
) |Ψ2〉 = c [(px − imωx)− i(py − imωy)] |Ψ1〉. (4)
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The solutions of this problem can be found by introducing the chiral creation and annihilation
operators (written in terms of the usual creation and annihilation operators ax, a
†
x and ay, a
†
y)
ar :=
1√
2
(ax − iay) , a†r :=
1√
2
(
a†x + ia
†
y
)
, (5)
al :=
1√
2
(ax + iay) , a
†
l :=
1√
2
(
a†x − ia†y
)
. (6)
These operators create a right or left quantum of angular momentum, respectively, and can
be used to write the coupled equations (3) and (4) as [9]
|Ψ1〉 = i 2mc
2
√
ξ
E −mc2a
†
l |Ψ2〉 , |Ψ2〉 = −i
2mc2
√
ξ
E +mc2
al|Ψ1〉, (7)
where the parameter ξ = ~ω/mc2 controls the non-relativistic limit.
The uncoupled equations for the two components |Ψ1〉 and |Ψ2〉 result to be
(E2 −m2c4)|Ψ1〉 = 4m2c4ξa†lal|Ψ1〉, (8)
(E2 −m2c4)|Ψ2〉 = 4m2c4ξ(1 + a†lal)|Ψ2〉. (9)
Thus, the energy spectrum in terms of the quantum number nl is [9]
Enl = ±mc2
√
1 + 4ξnl. (10)
The 2 + 1 Dirac-Moshinsky oscillator can be mapped onto the Jaynes-Cummings model
of quantum optics as [9]
H = 2imc2
√
ξ(a†l |Ψ2〉〈Ψ1| − al|Ψ1〉〈Ψ2|) +mc2σz
= ~(gσ−a
†
l + g
∗σ+al) +mc
2σz , (11)
where g = 2imc2
√
ξ/~ is the coupling strength between orbital and spin degrees of freedom,
and σ± are the spin raising and lowering operators. Formally, equation (11) is the Hamiltonian
of the Jaynes-Cummings model of the quantum optics. Similarly, the 2+1-dimensional Dirac-
Moshinsky oscillator can be mapped onto the Anti-Jaynes-Cummings model by substituting
ω −→ −ω into equation (1). This change leads to regard the excited state as the ground
state, with a simultaneous change of sign in the detuning.
3 The two-mode Jaynes-Cummings-Anti-Jaynes-Cummings
model
In order to connect the JC and AJC models with more general problems, we can introduce
two modes of oscillation a and b to these models as follows
HJC = ~(gσ−a
† + g∗σ+a) +mc
2σz, (12)
HAJC = ~(fσ−b+ f
∗σ+b
†) +mc2σz. (13)
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With these two definitions we can propose a generalized JC-AJC model as a linear combina-
tion of equations (12) and (13) as follows
H = ~
[
σ−(ga
† + fb) + σ+(g
∗a + f ∗b†)
]
+mc2σz, (14)
where g and f are two general complex parameters. This model will be connected later with
a particular system by choosing suitably these complex parameters.
The coupled equations for the spinor components |Ψ1〉 and |Ψ2〉 are
~(ga† + fb)|Ψ2〉 = (E −mc2)|Ψ1〉, (15)
~(g∗a + f ∗b†|Ψ1〉 = (E +mc2)|Ψ2〉. (16)
Uncoupling the above equations we found that the equations for |Ψ1〉 and |Ψ2〉 result to be
~
2(|g|2a†a+ |f |2b†b+ fg∗ab+ f ∗ga†b† + |f |2)|Ψ1〉 = (E2 −m2c4)|Ψ1〉, (17)
~
2(|g|2a†a+ |f |2b†b+ fg∗ab+ f ∗ga†b†)|Ψ2〉 = (E2 −m2c4)|Ψ2〉. (18)
Since these equations have the same mathematical structure, we will focus only on the equa-
tion for |Ψ1〉. Then, the uncoupled equation for |Ψ1〉 can be written as
~
2
[
1
2
(|g|2 + |f |2) (a†a+ b†b+ 1) + fg∗ab+ f ∗ga†b† + 1
2
(|f |2 − |g|2) (b†b− a†a + 1)] |Ψ1〉
= (E2 −m2c4)|Ψ1〉. (19)
Thus, by using the Jordan-Schwinger realization of the su(1, 1) algebra (see equation (74) of
Appendix), the above equation for |Ψ1〉 becomes
~
2
[(|g|2 + |f |2)K0 + fg∗K− + f ∗gK+ + 1
2
(|f |2 − |g|2) (b†b− a†a + 1)] |Ψ1〉
= (E2 −m2c4)|Ψ1〉. (20)
The ladder operators K± can be removed in the Klein-Gordon-type Hamiltonian HKG|Ψ1〉 =
(E2 −m2c4) |Ψ1〉 by using the tilting transformation with the SU(1, 1) displacement operator
D(ξ). Therefore, if we apply the tilting transformation to both sides of equation (20) and we
proceed as in references [22, 23, 24], we obtain
D†(ξ)HKGD(ξ)D
†(ξ)|Ψ1〉 = (E2 −m2c4)D†(ξ)|Ψ1〉, (21)
H ′|Ψ′1〉 = (E2 −m2c4)|Ψ′1〉.
Notice that in these expressions H ′ = D†(ξ)HKGD(ξ) is the tilted Hamiltonian and |Ψ′1〉
its wave function. Thus, by using equations (71), (72) and (73) of Appendix, the tilted
Hamiltonian can be written as
H ′ =~2
[(
(|f |2 + |g|2)(2β + 1) + f
∗gξ∗α
|ξ| +
fg∗ξα
|ξ|
)
K0
+
(
(|f |2 + |g|2)αξ
2|ξ| +
fg∗βξ
ξ∗
+ gf ∗(β + 1)
)
K+
+
(
(|f |2 + |g|2)αξ∗
2|ξ| + fg
∗(β + 1) +
f ∗gβξ∗
ξ
)
K−
]
+
~
2
2
(|f |2 − |g|2)(b†b− a†a+ 1). (22)
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In this expression, the term Nd + 1 = b
†b − a†a + 1 remains unchanged under the tilting
transformation, since it commutes with the K± operators (see Appendix). By choosing the
coherent state parameters θ and ϕ as
θ = tanh−1
(
2|f ||g|
|f |2 + |g|2
)
, ϕ = i ln
[
(|f |2 + |g|2)α
2fg∗(2β + 1)
]
,
the tilted Hamiltonian of equation (22) is reduced to
H ′ = ~2
(
1
2
(|f |2 − |g|2)(Nd + 1) +
√
(|g|2 + |f |2)2 − 4|g|2|f |2K0
)
. (23)
Let us now look the eigenfunctions |Ψ′1〉 = D(ξ)†|Ψ1〉 of H ′. Since the operator K0 is the
Hamiltonian of the two-dimensional harmonic oscillator and commutes with Nd+1, we have
that the eigenfunctions of H ′ are given by
ψ′nl,mn(ρ, φ) =
1√
π
eimnφ(−1)nl
√
2(nl)!
(nl +mn)!
ρmnLmnnl (ρ
2)e−1/2ρ
2
, (24)
where nl is the left chiral quantum number.
From the action of the operators a, a†, b and b† on the basis |n,mn〉, we have
K0|n,mn〉 =
(
nl +
mn
2
+
1
2
)
|n,mn〉,
Nd|n,mn〉 = (b†b− a†a+ 1)|n,mn〉 = −(mn − 1)|n,mn〉. (25)
In this SU(1, 1) representation, the group numbers n, k are related with the physical numbers
nl, mn as n = nl and k =
1
2
(mn + 1) [23]. Thus, from these results we can obtain that the
energy spectrum of the generalized JC-AJC model is
E = ±
√
~2
(√
(|g|2 + |f |2)2 − 4|g|2|f |2
(
nl +
mn
2
+
1
2
)
− 1
2
(|f |2 − |g|2)(mn − 1)
)
+m2c4.
(26)
Analogously, if we apply the same procedure to the uncoupled equation for the other spinor
component |Ψ2〉 we obtain
E = ±
√
~2
(√
(|g|2 + |f |2)2 − 4|g|2|f |2
(
n′l +
m′n
2
+
1
2
)
− 1
2
(|f |2 − |g|2)(m′n + 1)
)
+m2c4.
(27)
Since both energies belong to the same solution, the energies must be the same. This leads
to the fact that the spinor components |Ψ1〉 and |Ψ2〉 satisfy the relationships n′l ⇒ nl + 1
and m′n ⇒ mn − 2. It is worthwhile to mention that the energy spectrum (26) can also be
rewritten as
Enl = ±mc2
√
1 +
2~2
m2c4
(|f |2 − |g|2)(nl + 1). (28)
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The JC-AJC model of equation (14) can be connected with the standard 1 + 1 Dirac-
Moshinsky oscillator if we set g = 0 and f =
√
ωmc2/~. With this definition of the model
parameters f and g the energy spectrum of equation (28) matches with those presented in
references [6, 7, 8].
The eigenfunctions of the generalized JC-AJC model are obtained from the relationship
|Ψ1〉 = D(ξ)|Ψ′1〉. Thus, by using the equations (24) and (70) of Appendix, we find that the
action of the displacement operator D(ξ) on |Ψ′1〉 are the Perelomov number coherent states
for the two-dimensional harmonic oscillator [23]
Ψ
(1)
ζ,k,nl
= 〈ρ, ϕ|ζ, k, nl〉 =(−1)
nl
√
π
ei(l−1/2)φ
∞∑
s=0
ζs
s!
nl∑
j=0
(−ζ∗)j
j!
eη(k+nl−j)
√
2Γ(nl + 1)Γ
(
nl + l +
1
2
)
Γ
(
nl − j + l + 12
)
× Γ(nl − j + s+ 1)
Γ(nl − j + 1) e
−ρ2/2ρl−1/2L
l−1/2
nl−j+s
(ρ2),
with l = mn +
1
2
. The above expression can also be rewritten as
ψ(1)nl,mn =
√
2Γ(nl + 1)
Γ(nl +mn + 1)
(−1)nl√
π
eimnφ
(−ζ∗)nl(1− |ζ |2)mn2 + 12 (1 + σ)nl
(1− ζ)mn+1
× e− ρ
2(ζ+1)
2(1−ζ) ρmnLmmnl
(
ρ2σ
(1− ζ)(1− σ)
)
, (29)
where we have used mn = l − 12 and defined σ as
σ =
1− |ζ |2
(1− ζ)(−ζ∗) .
A similar result is obtained for the other spinor component |Ψ2〉. Hence, we are able to
construct the normalized spinor |Ψ〉 for the generalized JC-AJC model
|Ψnl,mn〉 =


√
E±mc2
2E
ψ
(1)
nl,mn
∓i
√
E∓mc2
2E
ψ
(2)
nl+1,mn−2

 . (30)
Therefore, we have introduced a generalized JC-AJC model with two modes of oscillation.
This new model was solved by using the tilting transformation and the SU(1, 1) Perelomov
number coherent states for the two-dimensional harmonic oscillator.
3.1 Special case: The relativistic non-degenerate parametric am-
plifier
Now, we shall use the theory developed in Section III to give a connection between the
generalized JC-AJC model and the relativistic non-degenerate parametric amplifier. Thus,
for convenience we set the complex parameters f and g of the JC-AJC model as
g = i
√
2mc2ω1
~
e−iω, f =
√
2mc2ω2
~
eiω. (31)
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If we substitute these parameters into the uncoupled equation (19) for the component |Ψ1〉
we obtain
H|Ψ1〉 = 2mc2~
[
1
2
(ω1 + ω2) (a
†a+ b†b+ 1) + 2i
√
ω1ω2
(
a†b†e−2iω − abe2iω)
+
1
2
(ω2 − ω1) (b†b− a†a+ 1)
]
|Ψ1〉 = (E2 −m2c4)|Ψ1〉. (32)
A similar equation holds for the component |Ψ2〉. The tilted Hamiltonian of equation (23) is
now given by
H ′|Ψ′1〉 = ~mc2
[
(ω2 − ω1) (b†b− a†a+ 1) + 2
√
(ω1 + ω2)
2 − 4ω1ω2K0
]
|Ψ′1〉
= (E2 −m2c4)|Ψ′1〉. (33)
The energy spectrum of this problem for f and g defined as in equation (31) is obtained from
the expression (26)
E = ±
√
~mc2
(
4
√
(ω1 + ω2)
2 − 4ω1ω2
(
nl +
m
2
+
1
2
)
− (ω2 − ω1) (m− 1)
)
+m2c4, (34)
with the corresponding eigenfunctions given by equations (29) and (30).
If we write the energy as E = mc2 + ε in (32), we obtain that in the non-relativistic limit
(ǫ≪ mc2) the uncoupled equation for |Ψ1〉 becomes
H|Ψ1〉 =
[
~ω1a
†a + ~ω2b
†b+ i~
√
ω1ω2(a
†b†e−2iω − abe2iω)] |Ψ1〉 = ε|Ψ1〉. (35)
If we identify the coupling constant χ with the term
√
ω1ω2, we obtain the time-independent
Hamiltonian of the non-degenerate parametric amplifier [25]. Therefore, if we set the complex
parameters f and g as those given by equation (31), our generalized JC-AJC model is reduced,
in the non-relativistic limit (ǫ ≪ mc2), to the time-independent Hamiltonian of the non-
degenerate parametric amplifier. Moreover, the energy spectrum of equation (34), in the
non-relativistic limit, is in full agreement with the energy spectrum of the non-degenerate
parametric amplifier [23]. Also, it is important to note that the definition of the parameters
f and g of equation (31) is not unique, since they can be introduced in other form and the
connection holds.
4 The two-mode Jaynes-Cummings model
In a similar way to the model proposed in Section III, we can consider two Jaynes-Cummings
models HJC1 and HJC2 with two different modes of oscillation
HJC1 = ~(gσ−a
† + g∗σ+a) +mc
2σz, (36)
and
HJC2 = ~(fσ−b
† + f ∗σ+b) +mc
2σz . (37)
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Therefore, we can propose a generalization of the Jaynes-Cummings model as follows
H = ~
[
σ−(ga
† + fb†) + σ+(g
∗a+ f ∗b)
]
+mc2σz, (38)
where g and f are again two general complex parameters.
The coupled equations for the spinor components |Ψ1〉 and |Ψ2〉 are
~(ga† + fb†)|Ψ2〉 = (E −mc2)|Ψ1〉, (39)
~(g∗a+ f ∗b|Ψ1〉 = (E +mc2)|Ψ2〉. (40)
Hence, the uncoupled equations for the spinor components are easily obtained from above
expressions, which result to be
~
2(|g|2aa† + |f |2bb† + g∗fab† + f ∗gba†)|Ψ2〉 = (E2 −m2c4)|Ψ2〉, (41)
~
2(|g|2a†a+ |f |2b†b+ fg∗b†a + f ∗ga†b)|Ψ1〉 = (E2 −m2c4)|Ψ1〉. (42)
In this manner, by using the Jordan-Schwinger realization of the su(2) Lie algebra (see
equation (90) of Appendix), in addition to the number operator Ns = a
†a+ b†b, we can write
the uncoupled equation for |Ψ1〉 as
~
2
[
(|g|2 − |f |2)J0 + f ∗gJ+ + fg∗J− + 1
2
(|f |2 + |g|2)Ns
]
|Ψ1〉 = (E2 −m2c4)|Ψ1〉. (43)
Now, we can apply the tilting transformation to the above eigenvalue equation, in order to
remove the ladder operators J±
~
2D†(ξ)
[
(|g|2 − |f |2)J0 + f ∗gJ+ + fg∗J− + 1
2
(|f |2 + |g|2)Ns
]
D(ξ)D†(ξ)|Ψ1〉
= (E2 −m2c4)D†(ξ)|Ψ1〉, (44)
where D(ξ) is the SU(2) displacement operator and ξ = −1
2
θe−iϕ (see Appendix). If we
define the tilted Hamiltonian H ′ = D†(ξ)HD(ξ) and the wave function |Ψ′1〉 = D†(ξ)|Ψ1〉,
this equation can be written as H ′|Ψ′1〉 = (E2 −m2c4)|Ψ′1〉. Moreover, since the operator Ns
commutes whit J+ and J−, it remains unchanged under the tilting transformation. Therefore,
we find that the tilted Hamiltonian results to be
H ′ =~2
[(
(|g|2 − |f |2) (2ǫ+ 1)− f
∗gξ∗δ
|ξ| −
fg∗ξδ
|ξ|
)
J0
+
(
(|g|2 − |f |2)δξ∗
2|ξ| +
f ∗gǫξ∗
ξ
+ fg∗(ǫ+ 1)
)
J−
+
(
(|g|2 − |f |2)δξ
2|ξ| + f
∗g(ǫ+ 1) +
fg∗ǫξ
ξ∗
)
J+
]
+
~
2
2
(|f |2 + |g|2)Ns. (45)
By choosing the coherent state parameters θ and ϕ as
θ = arctan
(
2|f ||g|
|f |2 − |g|2
)
, ϕ = i ln
[
(|f |2 − |g|2)δ
2fg(2ǫ+ 1)
]
, (46)
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the tilted Hamiltonian H ′ (45) is now written as
H ′ = |Ψ′1〉 = ~2
(
1
2
(|f |2 + |g|2)Ns +
√
(|g|2 − |f |2)2 + 4|g|2|f |2J0
)
|Ψ′1〉 = (E2 −m2c4)|Ψ′1〉.
(47)
Since the operators J0 and Ns commutes, they share common eigenfunctions. Thus, by using
that Ns is the Hamiltonian of the two-dimensional harmonic oscillator, the eigenfunctions of
the tilted Hamiltonian H ′ are
ψ′nl,mn(ρ, φ) =
1√
π
eimnφ(−1)nl
√
2(nl)!
(nl +mn)!
ρmnLmnnl (ρ
2)e−1/2ρ
2
. (48)
From the action of the operators a, a†, b and b† on the basis |n,mn〉, we have
J0|n,mn〉 = mn
2
|n,mn〉,
Ns|n,mn〉 = (b†b+ a†a)|n,mn〉 = (2nl +mn)|n,mn〉. (49)
In this SU(2) representation, the group numbers j, µ are related with the physical numbers
nl, mn as j = nl +
mn
2
and µ = mn
2
[24]. Thus, the energy spectrum of the generalized
Jaynes-Cummings model is
E = ±
√
~2
(
(|f |2 + |g|2)
(
nl +
mn
2
)
± 1
2
√
(|g|2 − |f |2)2 + 4|g|2|f |2mn
)
+m2c4. (50)
If we apply the same procedure to the uncoupled equation for the other spinor component
|Ψ2〉 we obtain the energy spectrum
E = ±
√
~2
(
(|f |2 + |g|2)(n′l +
m′n
2
+ 1)± 1
2
√
(|g|2 − |f |2)2 + 4|g|2|f |2m′n
)
+m2c4. (51)
Since both energies belong to the same eigenstate, this leads to take n′l ⇒ nl−1 in the spinor
component |Ψ2〉.
The energy spectrum of equation (50) can also be written as
E = ±mc2
√
~2
2m2c4
(|f |2 + |g|2) (N ±mn) + 1, (52)
where N is the eigenvalue of the operator Ns. It is important to note that the JC-JC model
of equation (38) can be connected with the 1 + 1 Dirac-Moshinsky oscillator if we set the
model parameters as g = 0 and f =
√
2mc2ω/~. Similarly, the connection with the 2 + 1
Dirac-Moshinsky oscillator can be established if we set f = g =
√
2mc2ω/~.
The eigenfunctions of the generalized Jaynes-Cummings model are obtained from the
relationship |Ψ1〉 = D(ξ)|Ψ′1〉. Thus, by using equation (48) we find that the action of the
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displacement operator D(ξ) on |Ψ′1〉 is
Ψ
(1)
nl,mn,ζ
= 〈ρ, ϕ|ζ, nl, mn〉 =e
−
ρ2
2√
π
nl+n∑
s=0
ζs
s!
nl+mn∑
n=0
(−ζ∗)n
n!
e
η
2
(mn−2n)ei(mn−2n+2s)ϕ(−1)nl+n−s
× Γ(nl + n + 1)
Γ(nl +mn − n + 1)
[
2Γ(nl +mn + 1)
Γ(nl + 1)
]1/2
ρ(mn−2n+2s)L
(mn−2n+2s)
nl+n−s
(ρ2).
(53)
A similar result holds for the other spinor component Ψ
(2)
nl,mn,ζ
. Thus, we are able to construct
the normalized spinor |Ψ〉 in the form
|Ψnl,mn,ζ〉 =


√
E±mc2
2E
Ψ
(1)
nl,mn,ζ
∓i
√
E∓mc2
2E
Ψ
(2)
nl−1,mn,ζ

 , (54)
In this way, we have introduced a generalized JC-JC model with two modes of oscillation.
As in the case of the JC-AJC model, the solution was obtained by using the tilting transfor-
mation and the SU(2) Perelomov number coherent states for the two-dimensional harmonic
oscillator.
4.1 Special case: The relativistic problem of two coupled oscilla-
tors
In this section, we shall give a physical application of the theory developed in Section IV
related to the two-mode generalization of the Jaynes-Cummings model. In particular, we shall
give the connection between this generalized Jaynes-Cummings model and the relativistic
problem of two coupled oscillators.
A particular case of the Hamiltonian proposed in equation (38) is obtained if we set the
complex parameters g and f as
g =
√
2mc2ω1
~
e−iφ, f =
√
2mc2ω2
~
eiφ. (55)
Thus, the uncoupled equation for the upper component |Ψ1〉 takes the form (see equation
(42))
H|Ψ1〉 = (E2 −m2c4)|Ψ1〉, (56)
where the Hamiltonian written in terms of the Jordan-Schwinger realization of the su(2) Lie
algebra of equation (90) is
H = ~
[
2mc2 (ω1 − ω2)J0 + 2mc2√ω1ω2(J+ + J−) +mc2 (ω1 + ω2)Ns
]
]. (57)
A similar equation holds for the lower component |Ψ2〉. The transformations performed to
the general case (equations (43)-(47)), lead us to obtain the following tilted Hamiltonian H ′
H ′|Ψ′1〉 = 2mc2~
[
(ω1 + ω2)Ns +
√
(ω1 − ω2)2 + 4ω1ω2J0
]
|Ψ′1〉 = (E2 −m2c4)|Ψ′1〉. (58)
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The exact energy spectrum for g and f defined as in equation (55) is obtained from equation
(50)
E = ±mc2
√
~
(
2(ω1 + ω2)j +
√
(ω1 − ω2)2 + 4ω1ω2µ
)
+ 1, (59)
and the corresponding eigenfunctions are given by equation (54).
By writing E = mc2 + ǫ, we obtain that the non-relativistic limit (ǫ ≪ mc2) of the
uncoupled equation (56) becomes
~
[
ω1a
†a+ ω2b
†b+
√
ω1ω2(b
†a + a†b)
] |Ψ1〉. (60)
Formally, this is the Hamiltonian of the time-independent problem of two coupled oscillators
[26, 27], where we have identified the term
√
ω1ω2 with the coupling constant λ of the
oscillators. Moreover, the relativistic energy spectrum of equation (59), in the non-relativistic
limit is in full agreement with the energy spectrum of this problem [24]. Therefore, the
generalized Jaynes-Cummings model of equation (38) can be considered a relativistic version
of the two coupled oscillators, with a particular choice of the complex parameters f and g.
5 Concluding remarks
We introduced two generalizations of the Jaynes-Cummings and Anti-Jaynes-Cummings
models with two modes of oscillation. In the first generalization, we considered a linear
combination of the JC and AJC models and showed that this system possesses the SU(1, 1)
symmetry. By using the Jordan-Schwinger realization of this algebra, the tilting transfor-
mation and the SU(1, 1) number coherent states of the two-dimensional harmonic oscillator,
we obtained the energy spectrum and eigenfunctions of this new model. As a physical appli-
cation we connected this generalized JC-AJC model, in the non-relativistic limit, with the
non-degenerate parametric amplifier.
For the second generalization, we considered a liner combination of two JC models and
showed that this system possesses the SU(2) symmetry. By using the appropriate Jordan-
Schwinger realization and the tilting transformation, we were able to obtain the energy
spectrum. Also, it has been shown that the eigenfunctions of this model are the SU(2)
number coherent states of the two-dimensional harmonic oscillator. In the non-relativistic
limit, we connected this model with the problem of two coupled oscillators.
The relevance of the JC-AJC model studied in this work has been proven, since this
model was used to describe the 2 + 1 Dirac oscillator (with frequency ω) in the presence of
a constant magnetic field B with vector potential A = B
2
[x,−y, 0] [10].
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6 Appendix.
6.1 SU(1, 1) Perelomov number coherent states
Three operatorsK±, K0 close the su(1, 1) Lie algebra if they satisfy the commutation relations
[28]
[K0, K±] = ±K±, [K−, K+] = 2K0. (61)
The Casimir operator K2 for any irreducible representation of this group is given by
K2 = K20 −
1
2
(K+K− +K−K+) . (62)
The action of these four operators on the Fock space states {|k, n〉, n = 0, 1, 2, ...} is
K+|k, n〉 =
√
(n + 1)(2k + n)|k, n+ 1〉, (63)
K−|k, n〉 =
√
n(2k + n− 1)|k, n− 1〉, (64)
K0|k, n〉 = (k + n)|k, n〉, (65)
K2|k, n〉 = k(k − 1)|k, n〉. (66)
Thus, a representation of the su(1, 1) algebra is determined by the number k, called the
Bargmann index. The discrete series are those for which k > 0.
The displacement operator D(ξ) is defined in terms of the creation and annihilation
operators K+, K− as
D(ξ) = exp(ξK+ − ξ∗K−), (67)
where ξ = −1
2
τe−iϕ, −∞ < τ < ∞ and 0 ≤ ϕ ≤ 2π. The so-called normal form of the
displacement operator is given by
D(ξ) = exp(ζK+) exp(ηK0) exp(−ζ∗K−), (68)
where ζ = − tanh(1
2
τ)e−iϕ and η = −2 ln cosh |ξ| = ln(1− |ζ |2) [29].
The SU(1, 1) Perelomov coherent states are defined as the action of the displacement
operator D(ξ) onto the lowest normalized state |k, 0〉 as [30]
|ζ〉 = D(ξ)|k, 0〉 = (1− |ζ |2)k
∞∑
n=0
√
Γ(n+ 2k)
n!Γ(2k)
ζn|k, n〉. (69)
The SU(1, 1) Perelomov number coherent state |ζ, k, n〉 is defined as the action of the dis-
placement operator D(ξ) onto an arbitrary excited state |k, n〉 [23, 31]
|ζ, k, n〉 =
∞∑
s=0
ζs
s!
n∑
j=0
(−ζ∗)j
j!
eη(k+n−j)
√
Γ(2k + n)Γ(2k + n− j + s)
Γ(2k + n− j)
×
√
Γ(n+ 1)Γ(n− j + s+ 1)
Γ(n− j + 1) |k, n− j + s〉. (70)
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The similarity transformations D†(ξ)K+D(ξ), D
†(ξ)K−D(ξ), and D
†(ξ)K0D(ξ) of the
su(1, 1) Lie algebra generators are computed by using the displacement operator D(ξ) an the
Baker-Campbell-Hausdorff identity
eABe−A = B + [B,A] +
1
2!
[[B,A], A] +
1
3!
[[[B,A]A]A] + ...
These results explicitly are
D†(ξ)K+D(ξ) =
ξ∗
|ξ|αK0 + β
(
K+ +
ξ∗
ξ
K−
)
+K+, (71)
D†(ξ)K−D(ξ) =
ξ
|ξ|αK0 + β
(
K− +
ξ
ξ∗
K+
)
+K−, (72)
D†(ξ)K0D(ξ) = (2β + 1)K0 +
αξ
2|ξ|K+ +
αξ∗
2|ξ|K−, (73)
where α = sinh(2|ξ|) and β = 1
2
[cosh(2|ξ|)− 1].
A particular realization of the su(1, 1) Lie algebra is given by the Jordan-Schwinger
operators
K0 =
1
2
(
a†a+ b†b+ 1
)
, K+ = a
†b†, K− = ba, (74)
where the two sets of operators (a, a†) and (b, b†) satisfy the bosonic algebra
[a, a†] = [b, b†] = 1, [a, b†] = [a, b] = 0. (75)
If Nd is the difference of the number operators of the two oscillators, then Nd commutes with
all the generators of this algebra and the Casimir operator is given by [32]
K2 =
1
4
N2d −
1
4
, Nd = b
†b− a†a,
[Nd, K0] = [Nd, K+] = [Nd, K−] = 0. (76)
6.2 SU(2) Perelomov number coherent states
The su(2) Lie algebra is spanned by the generators J+, J− and J0, which satisfy the commu-
tation relations [28]
[J0, J±] = ±J±, [J+, J−] = 2J0. (77)
The Casimir operator J2 in this representation is defined as
J2 = J20 +
1
2
(J+J− + J−J+) . (78)
The action of these four operators on the Dicke space states (angular momentum states)
{|j, µ〉,−j ≤ µ ≤ j} is
J+|j, µ〉 =
√
(j − µ)(j + µ+ 1)|j, µ+ 1〉, (79)
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J−|j, µ〉 =
√
(j + µ)(j − µ+ 1)|j, µ− 1〉, (80)
J0|j, µ〉 = µ|j, µ〉, (81)
J2|j, µ〉 = j(j + 1)|j, µ〉. (82)
The displacement operator D(ξ) for this Lie algebra is given by
D(ξ) = exp(ξJ+ − ξ∗J−), (83)
where ξ = −1
2
θe−iϕ. By means of Gaussian decomposition we can obtain the normal form of
this operator
D(ξ) = exp(ζJ+) exp(ηJ0) exp(−ζ∗J−), (84)
where ζ = − tanh(1
2
θ)e−iϕ and η = −2 ln cosh |ξ| = ln(1− |ζ |2).
The SU(2) Perelomov coherent states |ζ〉 = D(ξ)|j,−j〉 are defined as [30, 33]
|ζ〉 =
j∑
µ=−j
√
(2j)!
(j + µ)!(j − µ)!(1 + |ζ |
2)−jζj+µ|j, µ〉. (85)
Hence, we can define the SU(2) Perelomov number coherent states |ζ, j, µ〉 as the action of
the displacement operator D(ξ) onto an arbitrary excited state |j, µ〉 [24, 31]
|ζ, j, µ〉 =
j−µ+n∑
s=0
ζs
s!
µ+j∑
n=0
(−ζ∗)n
n!
eη(µ−n)
Γ(j − µ+ n + 1)
Γ(j + µ− n + 1)
×
[
Γ(j + µ+ 1)Γ(j + µ− n + s+ 1)
Γ(j − µ+ 1)Γ(j − µ+ n− s+ 1)
] 1
2
|j, µ− n+ s〉. (86)
The similarity transformationsD†(ξ)J+D(ξ),D
†(ξ)J−D(ξ), andD
†(ξ)J0D(ξ) of the su(2)
Lie algebra generators are computed by using the displacement operator D(ξ) and the Baker-
Campbell-Hausdorff identity
D†(ξ)J+D(ξ) = − ξ
∗
|ξ|δJ0 + ǫ
(
J+ +
ξ∗
ξ
J−
)
+ J+, (87)
D†(ξ)J−D(ξ) = − ξ|ξ|δJ0 + ǫ
(
J− +
ξ
ξ∗
J+
)
+ J−, (88)
D†(ξ)J0D(ξ) = (2ǫ+ 1)J0 +
δξ
2|ξ|J+ +
δξ∗
2|ξ|J−, (89)
where δ = sin(2|ξ|) and ǫ = 1
2
[cos(2|ξ|)− 1].
The Jordan-Schwinger realization of the su(2) algebra is
J0 =
1
2
(
a†a− b†b) , J+ = a†b, J− = b†a, (90)
where again, the two sets of operators (a, a†) and (b, b†) satisfy the bosonic algebra. It is
important to note that, besides the Casimir operator, there is another operator Ns (called
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the number operator) which commutes with all the generators of the su(2) algebra. The
Casimir operator J2 for this realization is written in terms of this operator Ns and is given
by [32]
J2 =
Ns
2
(
Ns
2
+ 1
)
, Ns = a
†a + b†b,
[Ns, J+] = [Ns, J−] = [Ns, Jz] = 0. (91)
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